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Pump-—probe diffraction imaging of vibrational wave functions
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The theory of pump—probe diffraction experiments shows that probability density distributions of
vibrational wave functions are experimentally observable. In the experiment a laser prepares a
molecule in a selected vibrational state, in either the same or a different electronic manifold. The
diffraction pattern of the molecule in the excited state is the Fourier transform image of the nuclear
probability density distribution, as determined by the vibrational eigenfunction of the molecule. This
suggests the possibility to directly observe components of molecular vibrational wave functions.
Model calculations illustrate the concept on iodine molecules, and sodium dimers. The relevance to
time-resolved pump—probe experiments that prepare vibrational wave packets is discussed.
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INTRODUCTION in taking the difference of the diffraction patterns. Departing
from conventional diffraction patterns, this pump—probe dif-
Diffraction experiments provide a Fourier transform im- fraction experiment images individual atomic or molecular
age of the electron density, or charge density distributiororbitals, rather than the complete electron density of the tar-
within a molecule, a regular crystalline array, or a disorderedyet molecule. In contrast to the approach byaBaing, it is
condensed phase® Using common assumptions, for ex- not necessary to prepare the entire macroscopic system in the
ample, that the electron density distributions are sphericadpecific eigenstate that is to be imaged. X-ray diffraction
clouds centered about an atomic nucl&Sjt is possible to  experiments on electronically excited sodium nitroprusside
associate with the observed electron density distribution &y Pressprictet all* show that the effect of electronic exci-
specific molecular structure. In almost all diffraction experi-tation on diffraction patterns can in fact be quite large.
ments performed to date, the electron density distribution An electron diffraction pattern is the Fourier image of
obtained is that of the thermal state of the system, that is, the Coulomb potential that is generated by the charge distri-
thermal average of rotational and vibrational states. Givemution of the molecule. The charge distribution in turn is
the dominant population of the ground vibrational level, con-determined by the complete atomic or molecular wave func-
ventional diffraction experiments are well described by tak-tion. The concept advanced by Ben-Nahal!® can there-
ing the density distribution due to vibrational motions to before be generalized to include vibrational and rotational
Gaussian, and including thermally excited vibrations in awave functions; in a pump—probe diffraction experiment,
classical fashion.Similarly, gas phase experiments accountwhere a laser pulse transfers population from one specific
for rotational distributions by averaging over all random mo-electronic, vibrational or rotational state to another, the dif-
lecular orientation$=® ference patterns will show the signature of all affected wave
Departing from this classical approach, recent experifunctions. In addition to the mapping of rotational states, as
ments by Bwering etal,”® and theory by Kohl and pursued by Bwering et al, and the electronic wave func-
Shipsey’!® as well as work done in Fink's grodp!? tions as advanced by Ben-Nun, there exists therefore the pos-
showed that if a molecular system is prepared in a specifisibility to map vibrational wave functions using diffraction
rotational eigenstate, the diffraction pattern images the rotatechniques. Vibrational wave functions are of particular in-
tional wave function in Fourier space. The significance ofterest to chemists because chemical reactions proceed along
this work is that individual rotational wave functions are vibrational coordinates. Moreover, the observation of vibra-
imaged, rather than the thermal superposition of states. Thional wave functions in polyatomic molecules could provide
concept was further developed by Ben-Nahal,'®> who  a novel way to determine potential energy surfaces. It is also
showed that individual electronic wave functions can be im-conceivable that pathways of vibrational energy relaxation
aged by both x-ray and electron diffraction. In this scheme, &@ould be observed on the level of wave functions, rather than
diffraction pattern is observed for an atom or a molecule thabn the level of populations, as in most spectroscopic experi-
is prepared in an electronically excited state by laser excitaments. It is therefore interesting and important to examine
tion. From this excited state pattern, a pattern of the systerthe effect of vibrational excitation on molecular diffraction
in the ground electronic state is subtracted. To the extent thatatterns.
the electronic excitation affects only a single electron, the  Recent experiments have explored the extension of
difference between the patterns reflects the geometry of theump—probe diffraction experiments into the time
orbital from which an electron was removed, and the orbitadomain'>~*¢ By using ultrashort pulsed laser and electron
that received the electron. The contributions of electrons ilbeams, a time resolution extending into the picosecond re-
orbitals unaffected by the laser excitation are subtracted oufime has been achievéd?*é It is not unreasonable to antici-
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pate future diffraction experiments on the femtosecond timenula, with a slightly differentl;, and without the nuclear
scale?® The theoretical descriptions of the gas phase experiterm, applies to x-ray scatteriftg. The elastic scattering
ments usually take the nuclear wave functions to be narrowvent is characterized by identical initial and final states, so
distributions, corresponding to well-focused wave packetshat the elastic scattering intensity is given by

evolving on a steep potential energy surface> 7 50-54rhjs ) )

approach is quite reasonable if the system is prepared in the letastid S) = Lal (i |L [ #)|*=1c@ii (5)]%, (4)

excited state by a very short laser pulse that couples a largghere we have definegi;(s) as the elastic electron scatter-
number of eigenstates belonging to a bound or unbound sufng amplitude of the molecule in state An expression for
face. Many experiments that are within reach today fall shorthe total scattering is obtained by assuming that all final

of this extreme, because they coherently couple relativelgtates are energetically accessible, so that the closure relation
few eigenstates. The temporal evolution of the diffractioncan be appliet

patterns in such cases is determined by the diffraction pat-

terns of the individual eigenstates, and the temporal evolu- s)=| L Lld =1 il L* Ll
tion of the amplitudes of the eigenstates. To understand time- el S) Clzf ClLE 19 CalLlgid=TaC vl ™ L)
dependent diffraction patterns of a small number of coupled )

states it appears important to first establish the diffractionr,q integrals in Eqg1), (4), and(5) are over the coordinates
pattern arising from an individual vibrational eigenstate. Theyt 411 nuclei and all electrons. For a polyatomic molecule

purpose of the present paper is to begin the construction Gfiy electronic and vibrational degrees of freedom, the
this foundation. . .. Born—Oppenheimer approximation and the independent
Most of the formulas and calculations presented in this; approximation are often invoked. Within the Born—

paper are specific to electron diffraction. Electrons are Scabppenheimer approximation the molecular wave function is
tered off both the electron clouds and the nuclei of the target,ritten as the product of an electronic wave function

while x-rays are scattered off only the electron denity. &(r,re), and the nuclear wave functiop(r,,)

Within the independent atom model, the information content = " ¢’ w

of electron and x-ray diffraction are the same, so that our  ¥(n.fe) =d(rn.re) - x(rn)- (6)

ideas can be applied to x-ray diffraction experiments as Wellrpe get of coordinates, is conveniently the set of normal
We start with a review of the theory of diffraction, and e coordinates of the vibrational motion. The independent

establish how .|t can be.appllled to V|brat|o_nal agenstatgsatom approximation associate®, electrons with each

Model calculations for diatomic systems with large ampli- | \.jeus. The molecule is thus modeled as a set of indepen-

tudes of vibrational motions are then presented. The specifi&em spherical atoms whose electrons move rigidly with the

systems we chose are molecular iodine and sodium dimergyqjei |t is then possible to rewrite the total wave function
with idealized harmonic and Morse potential surfaces. The%s a product

show that the effects of the vibrational excitation on the dif-
fraction patterns are in fact quite large. We discuss the gen-  #(rn,fe)=d(re) - x(rn), (7)

eralization of the results to other molecular systems. wherer , now represents the set of coordinates, which

describe the position of electrgrwith respect to the position
THEORY of the nucleusx to which it belongs’! The electron scat-

] ) ) . tering operatoi. may then be reexpressed in terms of the
A suitable starting point for the analysis of pump—probenewrj ’

diffraction patterns is the first order expression for the inelas-

tic scattering intensit{}>° L= 7 e5ne — S esTie gisTna
limt(8)=Tal(gelL] )2, 1) “ .

wherg Y is th(_a complete wave function of the mol_ecule in = eistna |z, - €sial. (®)

statei, andL is the scattering operator. The classical scat- o ]

tering intensityl, is the one derived by Rutherford, The scattering amplitude associated with a transition of the

| (S)_(Zme 2 @ molecule from state to statef, gy;(s) therefore becomes
oaS)=| 722
h°s
91 (S) = (L | i)
Here,m is the mass of the electron with chargeands is
the absolute va_lue of th(_—:t mom_e_ntum transfer vecterk :<<¢fe(reI)Xf(rn)|2 el Tna
—kgq. Electron diffraction is sensitive to both the nuclear and a
the electron charge. Therefore, the scattering operator is .
given b)}3'31'57158 X Za_; els'rja)|¢ie(reI)Xi(rn)>elec>nu<:1
L=2 Z,e'sma— >, elSTe, (3)  where the brackets indicate separate integrations over the
o I

electron and the nuclear coordinatés. and ¢, denote the
with Z, the atomic humber of nucleus having coordinate initial and final electronic states, whilg; and y; are the
'na» @ndrg; the coordinates of electron A similar for- initial and final vibrational states. Simplification yields
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) distribution. In this case the electron diffraction signal will

9ri(s)=(xr(rp)| X €'ne (Za' Sie,ie— ( PrelTel] also show a Gaussian distributionsrspace. If, however, the
¢ molecular sample is prepared in a specific vibrationally ex-

ior cited state, then the diffraction signal will be sensitively de-
X; €% [ die(rel) etec| [ Xi(Fn)nuc pendent on the nuclear wave function. In pump—probe dif-

fraction experiments with vibrational excitation it is
s therefore important to consider the contribution of the vibra-

:<Xf(r”)|§ eine(Zy: die te tional wave fpunction to the overall diffraction pattern.

—F%(8) | Xi (")) nues (9)

where we have inserted the x-ray atomic scattering amplitudg|ATOMIC MOLECULES
Ff¢(s), of nucleusa,
The formulas for the elastic and the total scattering in-
F2’6(5)=<¢fe(fel)|2 €57ie | io(T o) elec- yolve integrals overlthe positions 01_‘ the nuclej, , and the
i internuclear separations, s, respectively. These are labora-
tory frame coordinates and, for a polyatomic molecule, dis-
tinct from the normal mode coordinates in which the vibra-
| elastid S) tional wave functions are usually expressed. It is therefore
2 not trivially possible to transform the normal mode vibra-
(Xi(fn)|z €S (Z,— FE(S))|Xi(fn)>nu4 tional wave function to obtain the vibrational diffraction pat-
@ tern of polyatomic molecules. In order to illustrate our basic

The elastic scattering intensity immediately follows:

=lg

2 idea, we therefore treat the special case of a diatomic mol-

(Xi(rn)|2 e'Sna ga(s)|Xi(rn))nu4 . (100  ecule. In a diatomic molecule the internuclear separation is
“ just the normal mode coordinate, so that at least the total

In Eq. (10) we have abbreviated the elastic electron scatterscattering signal can be easily obtained.

ing amplitude of atome asg,(s)=Z,—F'(s). A conve- We define the internuclear separations between atom 1

nient expression for the total scattering intensity due to théind atom 2 of a diatomic molecule as

vibrational wave function is obtained by taking the scattering

=lg

= r = O,
process to be elastic in the electronic states, even though it vz
may be inelastic in vibrational states. The closure relation  rij,=—r,;. (12
then yields The total electron scattering, E(L1), is then given by
2 )
lota(S) = ot (Xi(r)|| 2 €5 ma [Z,—Fu1| [xi(rn))nue lotar= 1ol 1912+ 1921%+ 9% 92{ xi (rn) €712 xi(r))

+g;gl()(i(rn)|eis‘r12|)(i(rn)>]- (13

=lgy (Xi(rn)|2 > eisTas 9596 Xxi(rn))nue, (11 Making the coordinate transformation to the displacement
@« B from equilibrium coordinate¢, of the harmonic oscillator,
wherer .z is the distance vector between nucteand . E=T 1yt (14)
The elastic and the total electron scattering signals de- 12 Tea
scribed by Eqs(10) and(11), respectively, are both experi- Whererg, is the equilibrium internuclear distance, and ex-
mentally observable quantiti@3The total signal is observed pressing the vibrational wave function specifically as a func-
if all electrons are imaged, for example with a conventionaltion of ¢ gives
photographic plate. The elastic signal requires rejection of all
inelastically scattered electrons, e.g., by means of an energy
analyzer. Bartell and Gavin pointed out that the elastic scat- cl
tering signal is a pne—part'iclef property, 'in thg sense that it + 5 gu(xi(&)]e7 % xi(&))e ST, (15)
measures the position, of individual particles in the labo- ) o ) )
ratory frame, while the total scattering signal depends on th&Eor harmonic OSC|II_at|ons and real _atomlc scatten_ng factors
separation of any two particlesaB.SG The observation of (€9, those of the first Born approximatjoone obtains
the elastic scattering requires a different experimental setup |, .
. . . 2 2
than the observation of the total scattering, but it can be seen ———=01+02%20:9, cogS-Teg){ xilCOg S )| xi). (16)
that the elastic signal measures atomic positions in a distinct o

total

=922 +1921°+ 97 92 xi () |/ ¥ xi (€)' en

way. For homonuclear diatomic molecules this becomes
Formulas(10) and(11) show that the elastic and the total

electron scattering signals are Fourier transforms of the spa- Ltazl =2+2 cos{s-req)()(i|cos(s~ |xi), a7

tial nuclear wave function into thespace. Similar formulas, o9

which omit the nuclear charge contribution, can be derivedvhere the intensity on the left-hand side of the equation has
for x-ray diffraction. In most thermal systems the groundbeen put in a form analogous to the modified molecular scat-
vibrational wave function is well described by a Gaussiantering intensity commonly used in gas phase electron
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diffraction! This emphasizes the desired signal at largeas measured from the center-of-mass. This is ultimately the
s-values and provides a quantity that can be directly comreason why the formula for the heteronuclear diatomic mol-

pared with experiments.

The case of the elastic scattering intensity is more com-

ecule, Eq.(20), is so much more complex.
At very large diffraction angles the cosine transform in-

plicated because E@10) requires expression of the scatter- tegrals of both the elastic and the total scattering tend toward
ing operator in the oscillator coordinate system. We first rezero. At those larges-values the total observed signal is

place the nuclear coordinateg; andr,, by the center-of-
mass coordinat®, and the internuclear separatians,

my
m;+m,

rni=R+ — " 1o M2=R-— Mo (18

2
1+m

dominated by the inelastic scattering. At very small scatter-
ing angles, on the other hand, the total signal is dominated by
elastic scattering. This is quite analogous to the results for
scattering from electronic wave functiorfs.

AN ILLUSTRATION: IODINE MOLECULES AND

In the second step the internuclear separation is re—expressg%DlUM DIMERS

by the displacement from the equilibrium coordinatg4),
eventually giving

Ielastic . m;

S-r
g m;+m, = 4

my
m;+ms,

S f |Xi(§)>nuc

X(Xi(§)|eXF{i

1]
+g, exgd —i ——— s-r
92 m;+m, =

2
S 4|X|(f)>nu4 .
(19

X(Xi(§)|ex;{—i

1
m;+m,

The expression can be simplified for harmonic potentials be-
cause of the symmetry of the wave function. If moreover th
scattering factors are assumed to be real, the following for;

mula for the elastic scattering signal is found:
m;

(xilco m - m, s-&|lxi)
my

(xilco m - m, s-€|lxi)

+20109; COSS-I’eq)<)(i|C0{

| . 2
elastic__

93

IC|

2

2
+05

2
m;+m,

my
-f) |xi><xi|605< T §) [xi)- (20)
For homonuclear diatomic moleculesy,=m, andg;=g,
=g, so Eq.(20) reduces to

| . 2
elastic

|c|92 =[2+2 CO$S~req)]‘<Xi|CO{S'7§}|Xi>

(21)

e

To illustrate the effects of the vibrational wave function
on electron diffraction patterns, we calculated the purely vi-
brational contribution to the diffraction signal for the case of
two model diatomic molecules. For these calculations we
chose iodine, 4 and sodium dimers, Na because of the
large amplitude of their classical vibrational motions, which
should give rise to a pronounced effect in the diffraction
pattern. Extensions to other molecules are discussed later. To
display the purely vibrational effects, we assume that the
molecule is aligned with its axis parallel to the momentum
transfer vector. To specifically include the effect of random
orientation, or of alignment induced by a polarized pump
laser, our results should be superimposed with the diffraction
signature of rotational states, as calculated by Kohl and
Shipsey>!° or Williamson and Zewait’
Figure 1 shows the vibrational contribution to the total
diffraction intensity of an idealized iodine molecule, calcu-
lated using Eq(17). The vibrational potential is taken to be
harmonic, with an internuclear distancg, of 2.667 A, and a
force constant ok=172.1 N/m. These parameters approxi-
mate the iodine molecule in its ground electronic stdteor
panel(1a), the wave function is that of the ground vibrational
state,n=0. The main features of the vibrational diffraction
pattern are the rapid oscillations, and their modulation by a
slowly decaying amplitude. Since the diffraction pattern is
the Fourier transform of the wave function in real space, the
two features suggest that there are two lengths scales in-
volved in the diffraction pattern. Indeed, the rapid oscilla-
tions are due to the internuclear distance of the iodine atoms.
The Gaussian decay with increasimgrises from the Gauss-
ian envelope of the vibrational wave function. The two
length scales in the molecule are therefore the internuclear
distance, and the amplitude of the vibrational motion. Since
the vibrational amplitude is small for the ground vibrational
state, the vibrational diffraction pattern stretches to very
large s-values. In conventional diffraction experiments, the

Formulas(17) and(21) are the final results for the total decay of the diffraction intensity with increasirmgis ac-
and the elastic scattering of vibrational wave functions forcounted for by allowing a range of internuclear distarmc®s.
homonuclear diatomic molecules, within the harmonic oscil-For then=0 level the resulting formulas are equivalent.

lator approximation. The total scattering signal features rapid

oscillations due to the internuclear separatigg, modulated

Note that the maximum amplitude in pang@la) is 4,
while the intensity becomes 2 in the limit of large To

by the cosine transform of the vibrational wave function. Theisolate the purely vibrational contributions, we divided in Eq.
elastic scattering is also modulated by the internuclear sep#17) the total scattering signal by the classical scattering in-
ration. However, the cosine transform is over one half timegensity and the atomic scattering fact{is). Thus, the steep
the oscillator displacement coordinate, reflecting the fact thatlecay of the electron scattering signal with increasinap-

the transform is dependent on the individual atom positionserved in diffraction experiments is excluded in Fig. 1. Ex-
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FIG. 1. The total electron scattering intensity arising from the vibrational Vibrational diffraction patterns of iodine can only be a crude
wave function of the iodine molecule in the harmonic approximation. Panelapproximation to real molecules. To explore the effect of
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FIG. 2. The total electron scattering intensity arising from the second ex-
cited staten= 2, vibrational wave function of the idealized sodium dimer in
the harmonic approximatiofiop panel and the Morse approximatiaiot-

tom panel.

lator, withn=1, 3, 5, and 7. In all these panels, the rapid
oscillations arise from the internuclear distance, while the
envelopes reflect the Fourier transforms of vibrational wave
functions of the respective states. Measurement of the enve-
lopes of the vibrational diffraction patterns therefore offers
an experimental method of observing the probability density
distribution of vibrational wave functions.

We point out that the conventional treatment of diffrac-
tion patterns uses a classical probability distribution for the
vibrating atoms. This leads to the inclusion of a Gaussian
term containing the vibrational amplitudéEnhanced vibra-
tional motion leads, in that approximation, to a Gaussian
shaped decay of the diffraction signal, similar to Figa),l
but with a more rapid decay. As can be seen from Fig. 1,
such a classical treatment completely misses the modulation
of the diffraction patterns for vibrationally excited states, and
the components of the diffraction patterns at very large
s-values.

The harmonic potential used for the calculation of the

anharmonicity we used the approximate ELy) to calculate

some vibrational diffraction patterns of sodium dimers in
their ground electronic state. The upper panel of Fig. 2
shows the result for the harmonic potential, while the lower

perimental electron diffraction measurements account for thpanel shows the situation for a Morse potentj@rameters

rapid decay by using a sector eleméffthe intensity scale in

from Varshnf®). Both traces are fon=2 vibrational eigen-

Fig. 1 essentially replicates the diffraction pattern observedtates. As expected, the anharmonicity does not change the
in an experiment with a rotating sector.

Panelgb), (c), (d), and(e) of Fig. 1 show the diffraction

conclusions drawn from the calculations for the harmonic
iodine molecule; the diffraction pattern features a rapidly os-

patterns for excited vibrational states of the harmonic oscilcillating part due to the internuclear distance, and a slowly
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FIG. 3. Dependence of the node position for tie7 diffraction pattern on » .

the productu- k. The shaded area represents the portion ofthpace that G- 4. The dependence of the position of the first node on the product

is accessible by conventional diffractometers. -k, for vibrational diffraction patterns of states with=1 to n=7, within
the harmonic approximation.

varying envelope that is the transform of the square of the

vibrational wave function. There are a couple of notable dif-for the vibrational states from=1 to n=7. Again, within
ferences between the two vibrational diffraction patterns; théhe range usually accessed by diffractometers, the first node
pattern from the Morse oscillator dampens out quicker, reshould be observable for almost all diatomic molecules. In
flecting the spatially more extended wave function. Also, ingeneral, higher vibrational quantum states show nodes at
the vicinity of the nodes of the overall envelope, the rapidsmallers-values. We conclude that the effect we describe
oscillations appear to be very sensitive to the exact shape ehould clearly bear signature in the diffraction patterns of
the wave function. Since the difference between the two pomost vibrationally excited diatomic molecules. We note,
tential functions is quite small fon=2, the fact that the however, that the inversion of diffraction patterns to obtain
diffraction pattern shows differences between them holds outomplete images of the square of vibrational wave functions
the promise that potential energy surfaces may be mapped tsipes in fact require the observation of diffraction patterns to

pump—probe diffraction experiments. very large scattering angles.
In gas phase diffraction experiments the molecules are
DISCUSSION typically randomly oriented. In pump—probe experiments the

polarization of the laser, as well as the transition dipole mo-

The simulated diffraction patterns shown in Figs. 1 and 2ment, lead to a partial alignment of the molecular ensemble
were calculated for harmonic wells with large amplitude mo-that will be reflected in the diffraction patterrl:1247:58.61.62
tion, as appropriate for the iodine molecule and the sodiunThe details of this alignment are dependent on the orientation
dimer. Large amplitude motions likely show a large effect inof the transition dipole moment with respect to the axis of
the Fourier transform image of the diffraction patterns be-the molecule, the state of polarization of the laser field, and
cause of the inverse relation between real space and momeiire geometry of the electron and laser be4fis.our model
tum space. However, even in these extreme cases the shagaculations all the alignment effects were omitted, raising
of the vibrational probability density distribution manifests the question if the effect of vibrational probability distribu-
itself at very larges-values only. The question arises if the tions might be observable in an experiment. We note that the
effect under consideration is at all observable within therapid oscillations due to the internuclear separation are ob-
range of conventional diffractometers. Figure 3 shows theserved in conventional gas phase diffraction patterns; after
s-values for the nodes of the diffraction pattern correspondall, it is their analysis that yields the molecular geometry.
ing to then=7 eigenstate, as a function of the product of theSince the envelope arising from the Fourier transform of the
reduced massy, and the force constant of the potentigl, vibrational probability density distribution fully modulates
The amplitude of the harmonic vibrational motion in a di- the rapid oscillations, it is evident that the envelopes will be
atomic molecule scales as A/(k)¥. The region ok-values experimentally observable. Conventional diffraction experi-
covered by common diffractometers is shaded in Fig. 3. Iiments probe samples in thermal equilibria. In these experi-
can be seen that, since most common diatomic moleculaments the majority of the molecules are in the ground vibra-
have u -k products of less than 300 24 kg J/nf, at least tional state, and the effect that we describe here would be
two of the nodes should be observed in diffraction patternshidden. In the pump—probe diffraction experiment a sizable
Molecules with large vibrational amplitudes, such as hydro{raction of the molecules may be transferred to a specific
gen (u-k=0.5-10"2*kg J/n?), will show many more excited state, making the vibrational probability density dis-
nodes. tribution observable. We note that, since an electronic exci-

Figure 4 illustrates the dependencesobn the product tation process may well change the internuclear distance, the
-k, for the first node in the vibrational diffraction patterns diffraction oscillations from the two states involved may be
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